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4 l. 1Introduction

The purpose of this report is to review develppments in

objective analysis of meteorological fields. The first part

< will review the process known as "optimum interpolation" and
observe that it coincides with schemes developed independently
in other scientific disciplines. The term "optimum" arises
from the fact that the expected mean squared error ovér some
ensemble of realizations (e.g., over time) is minimized. The
term "interpolation" is misleading since it refers to inferring

values at points other than data points, but not, however,

oo
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by a scheme that necessarily reproduces given values at the

data points. Because of this fact, it would probably be

'f better to call the process "optimum approximation". However,
we follow the meteorological literature and retain the term
"optimum interpolation”.

The second basic thrust of this report is to discuss
Cressman's scheme of successive approximations and show that
a certain variant of the scheme will converge to the same
result given by optimum interpolation. Use of this process
could be advantageous from a computational viewpoint, compared
to optimum interpolation.

In Section 2 we derive the optimum interpolation scheme
and show the functional form of the approximation. We address
some computational aspects and recent developments in Section
3. 1In Section 4 Cressman's successive correction scheme is

discussed, including a statistically motivated variant of it.
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The final section is devoted to showing that a suitable
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variant of a successive corrections scheme will converge to

the same function as given by optimum interpolation.

2. The Functional Form of Optimum Interpolation

The development of optimum interpolation in meteorology
dates back to Gandin [12] and is based on Wiener-Kolmogorov
theory in time series analysis. Various disciplines ﬁave used
similar schemes for some time, apparently developed indepen-
dently. We have discovered references to developments in
'HE geology/mining (where it is usualiy called kriging) [1], [20],
{22}, [23}, [27], photogrammetry [19], geodesy [15], statistics

(where it is called stochastic process prediction) [32], and
electrical engineering (where it is sometimes called a Wiener

filter) ([8].
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We derive the general form of optimum interpolation and
show the form of the interpolation function. While the latter
is known, it is not well known and is even disavowed in print
in one paper [reply to 2]. This situation has probably occurred
because the principal interest is to obtain a grid of points
from scattered observations and not to obtain an approximating
surface. However, the form of the equation of the surface is
interesting and revealing.

Let X be the independent variable, and Z(X) be a random

function whose value is to be estimated from known or measured R

values Z(X;), 2(X;), ..., 2(Xy) at scattered points, X;, ...,

Xy- We denote the expected value of Z(X), E[Z(X)] by m(X). ’

This mean value as a function of position is called the trend
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surface, and depending on the source of the data, may be
assumed to have a particular form, or to be zero. We will
assume that the trend surface is given by
n

m(X) = kZO xfx (X) (n < N-1)
where the £, (X) are known linearly independent functions
(with unknown coefficients, ck). For meteorological applica-
tions, 2 represents a residual (deviation from climatology,
say) which is assumed to have zero mean, and thus m(X) = 0.
We include the term for completeness in our development.

A number of assumptions will be made concerning the dis-

tribution of the random function Z(X). We want to estimate
Z2(X) by a linear predictor,
N

zZ(X) = jzl Ajeixy) .

We assume that the optimum predictor is linear in the observed

- values, which is the case if the distribution is Gaussian, but

not necessarily otherwise. 1In principle the following process

E" can formally be carried out without assumptions about the
N

a3 covariance function

e .

- (1) C(X,Y) = E[(2(X) - m(X)) (2(Y) - m(¥))] .

In practice, and for computational reasons it is convenient

to make the assumptions of stationarity and isotropy for the
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covariance function. The net effect of these assumptions is
that the covariance function C(X,¥Y) is a function of the distance
between X and Y only, not X,Y¥, or their relative positions
other than distance between them. These assumptions probably
do not hold in meteorological applications; for example,
prevailing winds will certainly tend to give a distortion from
isotropy and various landforms will give a distortion from
stationarity.

We want to estimate the value of 2 at X; let us call that
astimate Z(X). We will do this by minimizing E[(Z(X) - Z (X)) 2]

where

~ N
Z(X) = jzl Ay2(X5)

subject to some conditions which guarantee unbiased estimates.
For example if Z(X) has an unknown constant mean, E(Z(X)) = Cyr
N
then the constraint J Aj = 1 is needed to guarantee the estimate
j=1
is unbiased. In the general case, the constraints to be im-
posed are
N
(2) jg__l ME(X) = £,(X),  k=0,1,...,n.
Note that this implies we must have n < N and further it can

be deduced that if the data lies on the trend surface, so will

the estimated point (provided the estimate is unique, a standard

assumption) .
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In meteorological applications it is assumed the measure-
ments ("known" values, Z(§i)) are subject to errors, hence the
measured values are Z(X,) + e€(X;). We assume the errors are

< Gaussian with mean zexro, and are independent of the function

2(X). We denote the covariance function for the errors by
C.(X,¥Y). Ultimately we assume the errors are independent,

so that we will have ce(g,gi) = og.é(gg-gi), where 6(0) = 1,
§(X) = 0, X # 0. For the derivati;n, however, we will allow
the more general covariance function. We note that in the case
of satellite data, for example, the assumption of independence
and zero mean will probably not be satisfied.

To minimize E[(Z(g)-—%(g))zl subject to the constraints
(2) , we use Lagrange multipliers, Zuk, obtaining the objective
function

N n N

2
(3) E[(Z(X) - [ A4(2(X) +e(X))) 7] + kiozuk(.z

£,(X) - £, (X)) .
3=1 5=1 3 K

Al
1 J

Before differentiation, we write this as

N
(4) EN(Z(X) -m(X))?-2(2(X -n(X) T A (Z(X,) +e(X,) -m(X.))
- - - T 5=1 J J J J

N
- 2 - T
. + (jzlxj(z(ggj) +e(Xy) -m(xy))) 7] e / .

n N
+ 12w (]
=0 j=

AE(R)) = £ (00D —

k 1
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Upon taking partial derivatives with respect to the Ai and

Uy # and simplifying somewhat, we obtain

n
(5) § AjIC(X;,X5) + C (X, X500 + kgo Bfy (X)) = C(X,X;)

i = 1,2,...,N,

and the constraint equations (2). i
In matrix form the system of (linear) equations to be

solved is conveniently represented in partitioned form as

'
(6) MOV ENAY [N
t Lo v '
where
M = (C(gi,gj) + Ce(gi,gj)) i,j=1,...,N
F = (fk(_X_i)) k=0'.oo,n i=l'ooc,N

0 is a zero matrix of order (n+l) x (n+l)

_ t
A - (Allleooo,AN)
o= (ugeeeeoug®
V. = (C(X,X;), -eer C(XX 0T, and

<
]

t
(£(X) s «ous £ (X))°.
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Letting G denote the coefficient matrix, we have that

ﬁi (formally) the solution is
A \'/
5 . - - -C
——— = G 1 ——
B
Ve

Letting d = (Z(zl)-+e(§l),...,Z(§N)4—e(§N),0,...,0) represent

the data vector, we obtain

N

(7 zZ (X) = jglxj(Z(gj)+§(§j)
A \/
= —
- atf-—-) = atelf -2 .
B Ve

We will give an alternative interpretation of Z. Note that

Ye

-=- ] depends on the value of X as well as the data points
Ve
Xyre«-sXy, while 4 is independent of X. Since G is symmetric,

so is G’l, and we have

Ve Yo
2(x) = a'¢lf-—-)] = (la(---) .
Ve Ve

Now, G-lg is the solution of a certain system of equations,

namely
(8) Ga = _d_l

t . > .
where a = (A;...Ay bj...b ) . This represents Z(X) in the
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form

v v
(9) 2(X) = (gt(;'l)(:f.) - ét(.—_c.)
!f !f
N n
= z A C(X,X;) + ] b £ (X) .

The system of equations (8) can be thought of as arising from
the requirements that an approximation consisting of a linear
combination of the functions C(X,X;) + C_(X,X;), i =1,...,N
and fk(ﬁ), k =0,...,n be required to interpolate the data,
z(gi) + E(Ei)’ i=1,...,N, along with constraints analogous

to exactness for the £, (X),
?
aAf (X.) = 0, k=20,1,...,n.
j=1Jk 3 ’ ’

Of course the terms .g Aice(g,gi) represent interpolation to
the error function analare then dropped to obtain (9). View-
ing things from this perspective, the computation of 2 at a
number of different points is simplified, provided the error
estimate given by optimum interpolation is not to be computed.
We address this briefly in the next section.

The point of view afforded by (9) makes it apparent that
"regionalizing" the process by choosing (from a larger set)
data points near the X of interest must lead to a discontinuous
surface which may, in turn, lead to unne .essary and unwanted
disturbances. Phillips [31] addresses this problem when dis-

cussing combined analysis and initialization (or perhaps,
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better to say, analysis which does not require initializa-
tion). See also Williamson and Daley for an iterative approach
to overcoming this problem.

In meteorological applications the error covariances are
assumed independent [see, e.g., 7], in which case Ce(g,gi) =

o2 6(X-X.), where oi is the variance of the error at X..

€ .
Inlthis instance the ;atrix M differs from the matrix (C(K,Ej))
only in that the diagonal terms are augmented. This has a
beneficial effect in terms of the condition number of G and
hence the numerical process of solving (6) or (8).

The equations we have derived are for a single dependent
variable Z(X). 1In both meteorology and geology simultaneous
treatment of related dependent variables has been derived and
is used. 1If all dependent variables are measured at each data
point, Ei' and if the sum of the expected squared errors for
the dependent estimates is to be minimized, the final result
is formally the same as equation (6). However, each entry in
M, and each of Z(gi) and Aj must be vectors, and the entries
in the matrix F are replaced by block diagonal matrices. See
Myers [24] for details, where the process is called co-kriging.

In meteorology not all variables are measured at each data
point. The complication this causes is readily resolved,
although it is simpler to group variables instead of points.

It is called multivariate optimum interpolation [7], a confusing
term to those outside the field since the "multivariate"
refers to the dependent variables, not the independent variables.

Of course, cross covariances between the dependent variables

R T Y A T T T D T T . T T X T T ..:.._.,........J
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are required. See [7] and [21] for the development in
meteorological terms.

As a matter of interest, we observe that the process is
somewhat reminiscent of Lagrange interpolation, with the Aj
-, playing the part of the fundamental Lagrange polynomials.
Thus, solution of (6) for the Aj is equivalent to solving for
the values of the fundamental Lagrange polynomials at the
point X. Alternatively, solving (8) for the Aj is equivalent
g!! to solving for coefficients in the interpolation polynomial

expressed as a linear combination of polynomials.

3. Practical Considerations and Recent Results

One of the most important aspects of optimum interpolation
is the appropriate specification of the covariance function,
C(X,¥). In meteorology this has been treated by a number of
authors, [3], (9]}, [33]. The importance of this has been
recently noted by Franke [11], Hollingsworth [16], and Lorenc

[21]) from a practical point of view. 1In theory, Yakowitz and

Szidarovszky [43] have shown that (in the absence of measure-

ment errors) the approximation converges as the set of data

T points becomes dense. Within some limitations this result
ff, holds even if the covariance functions are wrong.

;" The error estimate for optimum interpolation can be shown
R (by substitution) to be

- o 2 t, .t -1 _ _t -1t

n E((Z2(Y' -2(X))"] = C(X,X) - YC(ZQ mT-QmQI)V, ,

4

10

o

PSRy . e




I-F(F e " letnl, 1 E[Z(X)] = 0, then F = 0

where Q
and the above reduces to the more familiar form

-1

ELEZX -2x)%] = cxx - vimly,

As noted by Yakowitz and Szidarovsky [43], this estimate is
good only if the covariance functions are correct. They show
that error estimates with incorrect covariance functions may
be so poor as to not converge to zero as the data points be-
~ome dense, even though the approximation converges. The
net result of this is that one should not place too much faith
in the error estimates. The covariances assumed are almost
certainly wrong, and the more drastic effect is on the error
estimate rather than the approximation itself.

Computationally the choice between solving (6), then
evaluating E({) by (7), or solving (8), then evaluating
2(5) by (9) depends on two things: (i) If the error estimate
is also to be computed, (6) - (7) is cheaper; (ii) If the
error estimate is not to be computed, then (8) - (9) is cheaper,
except in the instance of only one evaluation of 2(5).

In meteorological applications it is impossible to
sider all data points at once. This leads to some selection
process based on the "most important" observations. Often the
closest points are considered the most important. Another schene
is to retain the points corresponding to the larger terms in the
covariance matrix (C(§i,§j)). Since the importance of a point
depends on the entries in the inverse of the matrix rather

than the matrix itself, this does not seem to be a good scheme.

11
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A reasonable choice is probably to use "closest points" in
some norm which accounts for prevailing influences, e.g.,
winds.

Several recent papers of practical and theoretical inter-
est relate optimum interpolation to conventional approximation
theory. Among these are Kimmeldorf and Wahba [17]), Matheron
[24]), Ssalkauskas [33], and Wahba [40]. The significance of
the result for meteorological applications is discussed by
Wahba. For errors which have common variance and covariance
functions which have a finite square integral (over the entire
plane), optimum interpolation leads to the function E(g) given
by (7). This function is also the solution of a variational
problem in the spatial domain, that is: Find ¥Y(X) (in a cer-
tain reproducing kernel Hilbert space) to minimize

N

2
Z(X. - . ,
jzl ( (_3) +eJ Y(XJ)) + AJ(Y)

where A is the ratio of the variance of the errors to the

variance of the random function Z(X) (= C(X,X)), and J(Y)
is the square norm of Y in the Hilbert space. By appropriate
choice of the functional J(Y), new methods can be obtained

which minimize or eliminate contributions from unwanted modes.

4. Cressman's Successive Correction Scheme

Cressman's scheme [10] and variations of it [4] are often
used for scattered data in meteorology. We will develop the

scheme as a matrix iterative process, and show that it may not

12
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i converge (although as applied, usually doesg) if the iteration
o is continued. In the next section, we will show a relation
Ak between a variant of the Cressman scheme and optimum inter-
polation. We note that Cressman's scheme bears a resemblance
to Shepard's method [35]), [13], but its differences are more
!!! : important than its similarities. Most importantly, the gradi-
ents of the approximating surface are not necessarily zero at
the data points as they are for Shepard's method. 1In addition,
as originally proposed by Cressman, the function is not smooth,

i.e., does not have continuous partial derivatives.

Cressman's scheme achieves a weighted average of the data
(a convex combination, in fact) as follows. Let the data again
be denoted by Z(gj), j=1,...,N, and associate a weight func-
tion, wj(g), with each point §j' This function is ordinarily
a univariate function of distance, ||§-—§j||. Cressman

proposed using

2 2
D -|l§-§.|l 2 2
P . lx-x11% <o
[1x-%;01%+D
(10} Wj(X) = <
2
X - > DT .
\ 0, [1x-%11 2
o Another scheme [4] is to take
" .
. 2,2
(11) W (x)  = exp(-||§-§j|| /B) .
x‘ A first approximation is taken to be
- (0) N N
L (12) 27V (x) = ] W (X)2(X,)/ ) W.(X).
3=1 L
'@

13
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The denominator normalizes the weights and since the Wj(g)
are positive, z(o)(g) is a convex combination of the data.

As such, it satisfies the property.min(z(gj)) < z(o)(g) <
3

max(2(X.)).

j =J

Usually, the process is repeated to correct the differ-
ences between the data and the approximation Z(gj)-z(o)(§j),

but using a smaller "radius". This means using a smaller D

in (10), or a smaller B in (ll). With superscripts denoting

iterations, we have the following scheme: Let Z(O)(g)be given

by (12), with W,(X) replaced by wj(°’(§). Then

N
2y + 7w, K@ i)
= j=1 J J
N

Y

J

a3 2% (x)

-2 gy ] ww, k=12

1

If we look at the sequence of vectors which approximate the

data vector,

2 x )%}, k

Z= (2(X))...2(x)) "%, we have (2% (x)...

(k), and

0,1,... Denote these vectors by Z

define the matrix

(k)

W (X.)
(14) gk - A i , i,5 = L,...,N.
(k)
W X.)
RS
Then the iteration takes the form

(0) (0)

z

|9

(15)

z (%) HE) gzl k21,2,

14
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Formally, the latter can be written as

200 o gy, gtk kD)
and thus
2-2%) = (1-g®y (-2, x=1,2,...

This easily leads to
k ( 0
(16) z-z2% - 1 @-a®)yz-29) ,

and we see that this iteration converges provided that, for

sufficiently large k, the norms of the I-H(k)

are bounded by
a constant less than one. This holds for any norm; hence, if
all eigenvalues of the I-H(k) have magnitude bounded by a
constant less than one, for sufficiently large k, convergence
is obtained.

g Generally, the effect of decreasing D in (10) or B in (11)

E is to increase the relative size of the diagonal elements in

E‘ H(k). Since each row sums to one, the matrix will eventually

- become diagonally dominant. 1In any case, if all eigenvalues

are positive (as for (l1l1), for example), the eigenvalues of

- (k)

T ) I-H are then bounded by a constant less than one, inde-

pendent of k, provided B is a decreasing function of k.
The situation for weights given by (10) is not so pleasant.

(k)

}‘ In this case, the matrix H may have negative eigenvalues,

which leads to I -H(k) having eigenvalues greater than one.

ii | 15
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As D decreases, all eigenvalues do become positive. Whether
or not this happens for values of D used in practice should
be investigated since this has a bearing on the stability of
the iteration.

The effect of decreasing D in (10) or B in (11) is to speed
convergence of the iteration, since this tends to increase the

(k) (k)

eigenvalues of H . We note in passing that H is a sto-

chastic matrix, and thus has its largest eigenvalue equal to
one, with eigenvector (l,...l)T. In terms of the approxima-
tion, this means convergence in one iteration if 2 is a con-
stant vector, i.e., 2 = (c,...,c)t, ¢ is a constant. The
maximum/minimum principle cited earlier implies the scheme is
exact for constants however.

In the next section we discuss the general form of the

approximation, and show that under certain simple modifications

the scheme approximates optimum interpolation.

5. Relation of a Variant of Cressman's Scheme to Optimum
Interpolation

The general form of Z(O)(g) in (12) is a rational function
in the weights, Wj(g), and if the scheme is iterated as in (13),
the form is that of a sum of functions, each rational in the
appropriate set of weights Wj(k), k=20,1,... . If weights
were taken to be the functions C(g,gj)-rce(g,gj) in (1), for
all k, the resulting approximation bears some relationship to
optimum interpolation, although it is rational in the covari-

ance functions rather than linear in them. However, if the

denominators of (12) and (13) (and hence, of H(k)) are replaced

16
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by a suitable constant, the iteration will converge to the
optimum interpolation function.

First we consider the covariance matrix
(17) M = (C(§i,§j) + ce(zi,gj)), i, 3y =1,...,N .

This matrix must be positive semidefinite and we make the
usual assumption that it is definite, i.e., has no zero eigen-
values. Let ||M|| denote the max row sum norm of M, and let

. Now consider the

B be a constant satisfying 8 > %]IMI
iteration obtained by replacing the denominators in (12) and

(13) by B, which leads to the matrix iteration analogous to

(15)
E(O) = %ME
(18)
g0 o gkl %M(_Z_-E(k-l)), kK=1,2,... .

This leads to the analogue of (16),

4 (19) 2-2% = a-gwkiz-2(9) .
b — — —

9

H? Thus, convergence is obtained whenever I-%bd has all eigen-

éi values strictly bounded by one. Since the eigenvalues of %b&
-
- must be bounded by ||%!4||~<2 by our choice of 8, convergence
fﬁ is obtained. The form of each z(k)(g) is a linear combination
»
1 of the C(g,ﬁj) + Ce(i,gj). Because convergence implies agree- |
-

’ |
b ment at the data points, we see that if the error covariances
b ‘4
3 17
H
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have the form noted before, C_(X,X;) = 02.6(5"51)' the
limiting approximation given by (18) agre;s exactly with that
given by (8) - (9), except at the 51, where a jump occurs to
yield "interpolation." Of course one thinks in terms of
dropping that term for the final approximation, but must do
so only if an evaluation point coincides with a grid point.
Practically speaking, the reverse situation is where the
special instance is encountered.

The rate of convergence may be slow because of the like-
lihood of M having small eigenvalues, leading to I-%hd having |
eigenvalues close to one. However, the presence of the error
covariance tends to increase the eigenvalues of M, and in this
respect, large observational errors would benefit the conver-
gence rate. It would seem best to try to choose B to minimize
the magnitude of the eigenvalue of I-%Dd of largest magnitude.
This would maximize the rate of convergence. On the other
hand, most of the significant information may correspond to
large eigenvalues of M. (Recall that one is an eigenvalue of
H(k) with eigenveétor (l,l,...,l)t.) In this case, it would

make sense to take B = ||M|| which would cause rapid conver-

gence for these modes, while modes corresponding to small
eigenvalues are of high frequency and could be best filtered
out.

The filtering potential of this scheme should be investi-
gated further to determine whether or not the eigenvectors

corresponding to small eigenvalues do indeed lead to unwanted

noise in the approximation which later must be filtered out.

18
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If so, this scheme could be an advantageous one to use.

Some simulations of the scheme have been carried out through
the iteration process. However, the results are nontrivial
to interpret and need additional study, particularly in the
light of the filtering scheme presently used in the opera-
tional model. The combination of including the measurement
errors and the constant normalization factor will result in
the successive correction method appearing more like optimum
interpolation. A multivariate scheme could be derived in

a straightforward fashion.

Acknowledgement

The authors wish to express their gratitude to
Professor Garrett Birkhoff who has had a continuing interest
in our work and who has made numerous suggestions which

improved this report.

19

Al Ty e U
PR INEIAL, AL W OFIIY ST JRCNRCI

_a




. 4

-» AICEt S S &
AN F YA
.‘.",' ‘ n‘t ..' [ - L

L4

T
y T

TN S A LR e i el IR
T @ T
B

10.

11.

12.

13.

LI N gL S A s Sl Waa it W s nael badly Mamt e s onan ¢ - Rt Lt B il i T Siroaiac ] N .
i e L NS SRS A A O A W SRR X DI A BRI PRHANK:
7 S NCSRINTTRIS

BIBLIOGRAPHY

F.P. Agterberg, "Autocorrelation Functions in Geology, "
Pp. 113-141 in Geostatistics, Daniel F. Merriam, ed.,
Plenum Press, 1970.

Hiroshi Akima, "Comments on 'Optimal Contour Mappingl '
Using Universal Kriging' by Ricardo 0. Olea," (with
reply), J. of Geophysical Research 80 (1975), 832-836.

Mikhail A. Alaka and Robert C. Elvander, "Optimum Inter-
polation from Observations of Mixed Quality," Monthly
Weather Review 100 (1972), 612-624.

E.H. Barker, "Analysis and Initialization Procedure for
the Navy Operational Global Atmospheric Prediction System, "
TR, Naval Environmental Prediction Research Facility, 1980.

Edward H. Barker, "A Comparison of Two Initialization
Methods in Data Assimilation," Thesis, Naval Postgraduate
School, Monterey, CA., 1982,

Kenneth H. Bergman, "Role of Observational Errors in
Optimum Interpolation Rnalysis," Bulletin American
Meteorological Society 59 (1978), 1603-1611.

Kenneth H. Bergman, "Multivariate Analysis c¢f Temperatures
and Winds Using Optimum Interpolation," Monthly Weather
Review 107 (1979), 1423-1444.

S.M. Bozic, Digital and Kalman Filtering, Edward Arnold,
London, 1979.

S. Cohn, M. Ghil, and E. Isaacson, "Optimal Interpolation
and the Kalman Filter," pp. 36-42, Preprints, Fifth
Conference on NWP, Monterey, CA., 198I.

G.P. Cressman, "An Operative Objective Analysis Scheme,"
Mon. Wea. Rev., 87 (1959), 367-374.

Richard Franke, "Scattered Data Interpolation: Tests of
Some Methods," Mathematics of Computation 38 (1982),
181-200.

L.S. Gandin, "Objective Analysis of Meteorological Fields,"
Guidrometeorizdat, Izdaf., Leningrad, 1963.

W.J. Gordon and J.A. Wixom, "On Shepard's Method of

'Metric Interpolation' to Bivariate Data," Math. Comp.
32 (1978), 253-264.

20




v Calit) s
e . LI ¢ ’a Y' " ‘i 'I s
PR i]. AR
A PR

e

. 4
r

e I
B |' ¥ ..'..I.I‘A'A

B Py

14,

15.

16.

17.

18.

19.

20.

21.

22.

23,

24,

25.

26,

M. Ghil, S. Cohn, J. Tavantzis, K. Bube, and E. Isaacson,
"Applications of Estimation Tehroy to Numerical Weather
Prediction," in Dynamic Meteorology: Data Assimilation

Methods, L. Bengtsson, M. Ghil, and E. Kallen, eds.,
Applied Math Series, Springer-Verlag, N.Y.

R.L. Hardy, "Least Squares Prediction," Photogr. Eng. and
Remote Sensing ié (1977), 475-492.

A. Hollingsworth, "Operational Data Assimilation at
ECMWF," Stanstead Seminar, 1982,

George S. Kimeldorf and Grace Wahba, "A Correspondence
Between Bayesian Estimation on Stochastic Processes and
Smoothing by Splines,” The Annals of Mathematical
Statistics 41 (1971), 495-502.

G. Kimeldorf and G. Wahba, "Some Results on Tschebycheffian
Spline Functions," J. Math Anal. and Applic. 33 (1971),
82-95- -

K. Kraus and E.M. Mikhail, "Linear Least Squares Interpo-
lation," Photogr. Engy. 38 (1972), 1016-1029.

D.G. Krige, "Two-Dimensional Weighted Moving Average Trend
Surfaces for One Valuation," J. So. Afr. Inst. of Mining
and Metal 67 (1966), 13-38.

A.C. Lorenc, "A Global Three-Dimensional Multivariate
Statistical Interpolation Scheme," Monthly Weather
Review 109 (1981), 701-721,

A. Marechal and J. Serra, "Random Kriging," pp. 91-112 in
Geostatistics, Daniel F. Merriam, ed., Plenum Press, 1970.

G. Matheron, "Random Functions and Their Applications in
Geology," pp. 79-87 in Geostatistics, Daniel F. Merriam,

ed., Plenum Press, 1970.

G. Matheron, "Splines and Kriging: Their Formal Equiva-
lence, " Syracuse University Geology Contribution 8, D.F.
Merriam, ed., Dept. of Geology, Syracuse University,
Syracuse, N.Y., 1981.

R.D. McPherson, K.H. Bergman, R.E. Kistler, G.E. Rasch,
and D.S. Gordon, "The NMC Operational Global Data Assimi-

lation System," Monthly Weather Review 107 (1979), 1445-
1461. '

Donald E. Myers, "Matrix Formulation of Co-Kriging,"
Mathematical Geology 14 (1982), 249-257.

21

> " P U U O DR PR TR I DR PR I P U A IR ST DE DR P AJA'J




27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Ricardo O. Olea, "Optimal Contour Mapping Using Universal
Kriging," J. of Geophysical Res. 79 (1974), 695-702.
(See also Item 2.)

Daniel J. Peterson and Theodore N. Truske, "A Study of
Objective Analysis Techniques for Meteorological Fields,"
TR EE-163(69)DC-104, Bureau of Energy Research, Unlver31ty
of New Mexico, 1969.

Norman A. Phillips, "Variational Analysis and the Slow
Manifold," Monthly Weather Review 109 (1981), 2415-2426.

Norman A. Phillips, "Treatment of Normal and Abnormal
Modes, " Monthly Weather Review 109 (1981), 1117-1119.

Norman A. Phillips, "On the Completeneés of Multivariate
Optimum Interpolation for Large-Scale Meteorological
Analysis,"” Monthly Weather Review 110 (1982), 1329-1334.

Brian D. Ripley, Spatial Statistics, John Wiley and Sons,
New York, 198l.

K. Salkauskas, "Some Relationships Between Surface Splines
and Kriging," manuscript.

T.W. Schlatter, "Some Experiments with a Multivariate
Statistical Objective Analysis Scheme," Monthly Weather
Review 103 (1975), 246-257.

D. Shepard, "A Two~-Dimensional Interpolation Function for
Irregularly Spaced Data," Proc. 23rd Natl. Conf. ACM
(1968), 517-523.

G. Wahba, "Spline Bases, Regularization, and Generalized
Cross Validation for Solving Approximation Problems with
Large Quantities of Noisy Data," pp. 905-912 in
Approximation Theory III, E.W. Cheney, ed., Academic
Press, 1980.

G. Wahba, "Spline Interpolation and Smoothing on the
Sphere," SIAM JsSsSC 2 (198l1), 5-16, See also "Erratum;
...," 3 (1982), 385-386.

G. Wahba, "Some New Techniques for Variational Objective
Analysis on the Sphere Using Splines, Hough Functions,
and Sample Spectral Data," Prepplnts, Seventh Conference
on Probability and Statistics in the Atmospheric Sciences,
American Meteorological Soceity, Monterey, CA., 198l.

G. Wahba, "Vector Splines on the Sphere, with Application
to Estimation of Vorticity and Divergence from Discrete
Noisy Data," in Multivariate Agproxlmatlon Theory,

Vol. 2, W. Schempp and K. . Zeller, eds., Birkhauser Verlag.

22

.......
SR S O AT R




3
fe

DA St irul ik ot AR JE-S SR i

R SERERERTAE

..A .
-

E-‘.'r'tr
P €

B

.

.

.

.

43.

G. Wahba, "Variational Methods in Simultaneous Optimum
Interpolation and Initialization,"” TR#692, Statistics
Department, University of Wisconsin, 1982,

G. Wahba and J. Wendelberger, "Some New Mathematical
Methods for Variational Objective Analysis Using Splines
and Cross Validation," Monthly Weather Review 108 (1980),
1122-1143.

David L. Williamson and Roger Daley, "A Unified Analysis-
Initialization Technique,” NCAR MS. 0501/82-9. National
Center for Atmospheric Research, Boulder, CO., 1982.

S.J. Yakowitz and F. Szidarovszky, "The Kriging Method
and Its Alternatives," manuscript.

23




SO RORERE

-
(]

’

:nyemy —".-’w.,‘-
v |
LA

10.

11.

INITIAL DISTRIBUTION LIST

Defense Technical Information Center
Camexron Station
Alexandria, Virginia 22217

Dudley Knox Library

Code 0142

Naval Postgraduate School
Monterey, California 93940

Dean of Research

Code 012

Naval Postgraduate School
Monterey, California 93940

Department of Mathematics
Naval Postgraduate School
Monterey, Calif~rria 93940

Professor C.0. Wilde, Code 53Wm
Chairman, Department of Mathematics
Naval Postgraduate School

Monterey, California 93940

Professor R. Franke, Code 53Fe
Department of Mathematics
Naval Postgraduate School
Monterey, California 93940

Dr. Richard Lau

Office of Naval Research
1030 East Green Street
Pasadena, California 91106

Professor R.E. Barnhill
Department of Mathematics
University of Utah

Salt Lake City, Utah 84112

Professor G.M. Nielson
Department of Mathematics
Arizona State University
Tempe, Arizona 85281

Library
Fleet Numerical Oceanography Center
Monterey, California 93940

Dr. Alan Weinstein

Naval Environmental Prediction
Research Facility

Monterey, California 93940

No. Copies

15




12,

13.

14.

15.

16.

17.

18.

19.

20.

21.

22'

Dr. Edward Barker

Naval Environmental Prediction
Research Facility

Monterey, California 93940

Dr. Tom Rosmand

Naval Environmental Prediction
Research Facility

Monterey, California 93940

Professor W.J. Gordon

Center for Scientific Computation
and Interactive Graphics

Drexel University

Philadelphia, PA 19104

Ms. Linda Thiel

Department of Mathematical Sciences
Drexel University

Philadelphia, PA 19104

Professor Loren Argabright

Chairman, Department of Mathematical
Sciences

Drexel University

Philadelphia, PA 19104

Professor Grace Wahba
Department of Statistics
University of Wisconsin
Madison, WI 53705

Professor Don Gaver

Department of Operations Research
Naval Postgraduate School
Monterey, California 93940

Office of Naﬁal Research
Code 422AT
Arlington, VA 22217

Office of Naval Research
Code 420
Arlington, VA 22217

Naval Deputy To The Administrator, NOAA
Room 200, Page Bldg. #1

3300 Whitehaven St. NW

Washington, DC 20235

Commander

NAVAIRSYSCOM

Attn: Library (Air-00D4)
Washington, DC 20361

o - L TP, B O S P P S T

10

10




A

-

 t T T e e e tae e T

23.

24.

25.

26.

27.

28.

29.

30

31.

32.

33.

34.

v\“"‘\v." TouCPutt Rt Regluus Fagh Mun Pt s oy Sy _._‘ o ~

CRC A TN L SR N AT MRS 4 .
e e e i T

b g i
PO g b e A IR U SRR RO A i S

Commander
NAVAIRSYSCOM (Air-333)
Washington, DC 20361

Naval Postgraduate School
Meteorology Dept., Code 63
Monterey, CA 93940

USAFETAC/TS
Scott AFB, IL 62225

AFGWC/DAPL
Ooffutt AFB, NE 68113

AFGL/LY
Hanscom AFB, MA 01731

AFOSR/NC
Bolling AFB
Washington, DC 20312

Director

National Meteorological Center
NWS, NOAA

World Weather Bldg. W32, Rm.204
Washington, DC 20233

Federal Coordinator For Meteorological
Services & Support. Rsch. (OFCM)

11426 Rockville Pike

Suite 300

Rockville, MD 20852

Director

Geophys. Fluid Dynamics Lab
NOAA, Princeton University
P.0. Box 308

Princeton, NJ 08540

Head, Atmos. Sciences Div.
National Science Foundation
1800 G Street, NW
washington, DC 20550

Laboratory for Atmos. Sciences
NASA Goddard Space Flight Cen.
Greenbelt, MD 20771

Atmospheric Sciences Dept.
UCLA

405 Hilgard Ave.

Los Angeles, CA 90024

CHE W TG W S 1 - PSP RS U SN P T U




——

‘
-

T e

35.

36.

37.

38.

39.

40.

41.

42.

43,

44.

Director

Institute of Geophysics
Univ. of Calif. Los Angeles
Los Angeles, CA 90024

Chairman

Meteorology Dept.
California State University
San Jose, CA 95192

National Center for Atmos.
Rsch., Library Acquisitions

P.0. Box 3000

Boulder, CO 80302

Director

Denver Research Institute
University of Denver

3115 S. University Blvd.
Denver, CO 80210

Colorado State University
Atmospheric Sciences Dept.
Attn: Dr. Roger Pielke
Fort Collins, CO 80523

Nova University

Physical Oceanographic Lab
8000 North Ocean Dr.
Dania, FL 33004

Chairman

Meteorology & Physics Dept.
University of Florida

215 Physics Bldg.
Gainesville, FL 32601

University of Miami
R.S.M.A.S. Library

4600 Rickenbacker Causeway
Virginia Kay

Miami, FL 33149

Florida State University
Environmental Sciences Dept.
Tallahassee, FL 32306

University of Hawaii
Meteorology Dept.
2525 Correa Road
Honolulu, HI 96822

.
............
P PSR S e D




45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

Geophysical Sciences Collection
The University of Chicago

The Joseph Regenstein Library
1100 East 57th Street
Chicago, IL 60637

University of Maryland
Meteorology Dept.
College Park, MD 20742

Johns Hopkins University
Applied Physics Laboratory
R.E. Gibson Library

Johns Hopkins Road

Laurel, MD 20810

Chairman

Meteorology Dept.

Massachusetts Institute of
Technology

Cambridge, MA 02139

Chairman

Meteorology & Oceano. Dept.
University of Michigan
4072 E. Engineering Bldg.
Ann Arbor, MI 48104

Chairman

Physics Dept.
University of Minnesota
Minneapolis, MN 55455

Director of Meteorology
Earth & Atmos. Science Dept.
St. Louis University

P.0. Box 8099

St. Louis, MO 63156

Atmospheric Sciences Center
Desert Research Institute
P.O. Box 60220

Reno, NV 89506

Atmospheric Sci. Rsch. Center
New York State Univ.

1400 washington Ave.

Albany, NY 12222

Reference Library
Maritime College
New York State Univ.
Fort Schuyler
Bronx, NY 10465

C ol

B g, w a
et

- W

-
M
L




| LT L TP e S Bt B Sin Beite Soad Bie g T T TR T e e e T — — -
MRS IS B e 2L L B AR N PRSI RO G R e I S i TN o - Vo lao e b k
............ T e S S S R A A T TSI R T T ﬂ

55. New York Polytechnic Institute 1
Meteoro. & Oceano. Dept.
333 Jay Street
Brooklyn, NY 11201

56. Chairman 1
Meteorol. & Physical Oceano.
Cook College, P.O. Box 231
Rutgers University
New Brunswick, NJ 08903

57. Chairman 1
Meteorology Dept.
University of Oklahoma
Norman, OK 73069

58. Professor Y. Sasaki 1
University of Oklahoma
Rm. 219, 200 Felgar St.
Norman, OK 73069

59. Atmospheric Sciences Dept. 1
Oregon State University
Corvallis, OR 97331

60. Dean of The College of Science 1
Drexel Institute of Technology
Philadelphia, PA 19104

61. Chairman, Meteorology Dept. 1
Pennsylvania State Univ,
503 Deike Bldg.
University Park, PA 16802

62. Texas A&M University 1l
Meteorology Dept.
College Station, TX 77843

63. Director of Research 1l
Institute for Storm Research
University of St. Thomas
3812 Montrose Blvd.
Houston, TX 77006

64. Chairman 1
Meteorology Dept.
University of Utah
Salt Lake City, UT 84112

'( T, i v

- 7“' L tL !

RN
.

65. Chairman 1
Atmos. Sciences Dept.
University of Virginia
Charlottesville, VA 22903

W S
Y SRR

T

?

O] v ¥
PN PR .
G N
Ca Vo N

-
{a
b
[
b .
3

2
a

4

k.

b

p

d

.............. - e Lt L, ~ . PO [ - . N .
e L S S P O T P A ta mt -~--‘1




.

g

66. Director 1
Oceanographic Institute
0l1ld Dominion University
Norfolk, VA 23508

67. University of Washington 1l
Atmospheric Sciences Dept.
Seattle, WA 98195

68. Chairman, Meteorology Dept. 1
University of Wisconsin
Meteoro. & Space Science Bldg.
1225 wW. Dayton St.
Madison, WI 53706

69. Colorado State University 1
Atmcspheric Sciences Dept.
Attn: Librarian
Fort Collins, CO 80521

70. Saint Louis University 1
Earth & Atmos. Sciences Dept.
P.O. Box 8099-Laclede Station
St. Louis, MO 63156

71. Woods Hole Oceanographic Inst. 1
Document Library LO-206
Woods Hole, MA 02543

. 72. Colorado State University 1
Atmospheric Sciences Dept.

Attn: Dr. William Gray

Fort Collins, CO 80523

73. Control Data Corp. 1
Meteorology Dept. Rsch. Div.
2800 E. 0l1d Shakopee Rd.
Box 1249
Minneapolis, MN 55440

”w Pk el St Rl .

74. Systems & Applied Sci. Corp. 1
Attn: Library, Suite 500
6811 Kenilworth Ave.
Riverdale, MD 20840

75. Science Applications, Inc. 1
415 Dela Vina Ave.
Monterey, CA 93940

bt 25 & Al al i 4
‘e P

76. Library 1
Csiro Div. Atmospheric Physics
Station Street
Aspendale, 3195
Victoria, Australia

e
) 1




R SRS

Cing Bkl
.-

'l' '_
-

84.

85.

86.

Librarian, Meteorology Dept.
University of Melbourne
Parkville, Victoria 3052
Australia

Library, Australian Numerical
Meteorology Research Center

P.O. Box 5089A

Melbourne, Victoria, 3001

Australia

Chairman, Meteorology Dept.
McGill University

805 Sherbrooke St., W.
Montreal, Quebec

Canada H3A 2K6

Meteorological Office Library
London Road

Bracknell, Berkshire

RG 12 1Sz, England

Department of Meteorology
University of Reading

2 Earlygate, Whiteknights
Reading RG6 2AU

England

European Centre For Medium
Range Weather Forecasts

Shinfield Park, Reading

Berkshire RG29Ax, England

Meteorologie Nationale
1 Quai Branly

75, Paris (7)

France

Meteorology Department
Andhra University
Waltair, India 530-003

Hebrew Univ. of Jerusalem
Library, Atmos. Sciences Dept.
Jerusalem, Israel 91904

Library

Meteorologlcal Rsch. Institute
1-1, Nagamine, Yatabe-Machi,
Tsukuba-Gun

Ibaraki-Ken 305 Japan

- N -
------

-
.........
s




87.

Director

Coastal Studies Institute
Louisiana State University
Attn: O. Huh

Baton Rouge, LA 70803







